A NOTE ON ERLANG’S FORMULAS

BY
D. MEJZLER

ABSTRACT
A service system consisting of n = oo lines, is considered. Formulas (2) giving
the probabilities of various states of the system were obtained by the assumption
that the incoming stream is stationary, orderly, and without after-effects. It is
proved in this note that these formulas hold as well when the incoming stream
is not orderly.

1. Introduction. We confine ourselves to the terminology use in Khintchine’s
monograph {1].

Let us consider a service system consisting of # lines into which enters a random
stream of calls. The durations of the call service are assumed to be identically
distributed random variables which are independent both of each other and of the
current of the incoming stream.

Denote by m, (t) the probability that exactly & lines are occupied by the service
at the moment ¢. If the incoming stream is simple (a Poisson stream) then the
limits .

= lim m(), (k =0,1,-,n
t—= 0
exist and are independent of the initial probabilities 7, (0) (0 < k < n). These
limits are given by the formulas

) ("”k /2 W) s0,1,m)

where u is the intensity of the stream and s is the mean duration of the service of
one call.

Formulas (1) were first obtained by Erlang [2] under the assumption that
the duration of the service of a call is exponentially distributed; however, it was
shown after wards [3]-[5] that they remain true for an arbitrary distribution
of the service duration.

Khintchine has also studied Erlang's problem for n = co. He proved that
in this case the following meaning must be attributed to Erlang’s formulas (1):

k
@ me=er WL o1,
The aim of our note is to show that the last formulas are correct also for the
case when the incoming stream is an arbitrary stationary stream without after-

effects (i.e. not necessarily orderly) with a finite intensity p and the distribution
H(x) of the duration ¢ of service of one call

&) H(x) = P(§ > x), HO) =1
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satisfy the only natural restriction

a0 o]
)] O<s= —J xdH(x) = [ H(x)dx < .
0 0
2. An auxiliary proposition. We will need the following elementary proposition
from the theory of limits:

LEMMA. Let the function f(x) be differentiable in the closed interval [a, 1] and
infinitely differentiable in the half closed interval [a, 1), and let in addition

®) fPEz0 (k22 asx<1).
Let ¢ () (t>0) be a function such that
lim ¢(t) =s> 0.

6 =
Then as t —
) s -1 - E2 ]}
and for every positive integer n
® 7o [1- 22 firso.
Proof. From (6) follows that for large enough ¢
a<l1l-— @ <1

Using the Mean Value Theorem we obtain

s - [t 22|} = s0r[1- 052,

where 0 < 8 < 1. The expression (7) follows now, since by assumption (5) the
derivative f'(x) is continuous from the left at x =1.
Let us prove (8) by induction on a. f"(x) is not decreasing by (5), hence

ra-r|i-22 zo0r (1 - 52| |k zo;

these inequalities prove (8) for n =1.
Again, from (6) follows that for large enough ¢

B(20) < 2¢(1)

U ) .
t 2t
On the other hand, f***)(x) is non decreasing by (5). Thus another application
of the Mean Value Theorem will yield
f(k +1) [ _‘é(_t)_]
t

f(k)[ ¢(2t)] f(k)[ ¢(tt) ] 29(1) — ¢(2t)

and therefore

1\

2 t
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hence a fortiori

$20) 60
-2 _ 20-sy T [1-#7]
@t 2w z

iv

0.

Thus we proved that if (8) holds for n = k — 1 then it holds also for n = k.

3. Proof of formulas (2). We prove the validity of the formulas (2) under
assumption that the stream of calls began at the moment ¢, =0, i.e., 7y(0) =1
(The proof would be only a little more difficult for arbitrary preliminary data).

Let v(t) denote the probability that the service of a call that occurs in the time
interval [0, 1) will be determined in the same interval. It will be shown that

1 t
C)] v(t) =1 - t—foH(x)dx

and therefore v(f) is independent of the number of calls which occur in the interval
{0,1).

For the proof, let us assume that in the interval [0, ) exactly m calls occured
and let n be the moment that one of the calls, taken at random, appeared. Clearly

(10) of)=P(n+¢ <),

where & is the duration of service of a call.

In [6] it was shown that if the stream is stationary and without after-effects
then, whatever is m, the random variable # is uniformly distributed in the interval
[0, 7). Since by our assumptions the variables  and ¢ are independent, equation
(9) is easily deduced from (3) and (10).

Denote by P,(t) the probability that exactly m calls will occur in the interval
[0,£). Then, by the above remarks,

m() = T PrsdCLH[1 = o]0

or

1_(t)kco mt)
L a Iy 9%

m(t) =
m=0 M!

(m+ k) Py (D).

Consider the generating function of the stream

F(t,x) = }0_5 P (0x", (|x]s1).

Since

m+k m k
(m+ k) 1P (t) = O"TF(,0) 0 (6F(t,x) )Ix=0’

dxm+k  — Qxm oxk

it is easy to see that the probabilities 7,(f) can also be expressed by
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ity = [ 208 PFLL0)

Oxk

Finally, if we put
t

an #0) = [ Hooax,
0

we conclude from (9) that

¢'(n 1 OF[L1-¢®)/t]

(12) nk(t) = k [ tk axk

It is known, [1], that the generating function of a stationary stream without
after-effects has the form

(13) F(t,x) = exp{1[ f(x) — 1]},
where A >0 and p; =0, ( £2, p; = 1) are constants and
(14) J(x)= Elpzxi ) (x| =1.

Moreover, the intensity of the stream is given by

(15) ip, = Af'(1).

M8

Assuming that the intensity is finite we get
(16) L<f()<w.

It is easy to sec that the partial derivatives of the generating function (13) are
given by

an  ZHED (G + T Gl Ztin 1T F90),

where the inner summation is over various systems of positive integers (iy, i)
that satisfy

(18) iy e i =k,

and A(iy,--,i,) are constants that depend only on the indices (iy,**,i,). (Note
that it ts possible to give the more detailed formula

OF(t, s W5 1y L2
__é(;;iz - k!F(t’x),,,El%{z n ! 'SEX)}’

where the summation is over all the ordered systems of positive integers satisfying
(18); for our purpose formula (17) is sufficient).
Taking into account that in view of (18)
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m Iy
H tt,-'l=tk—m,
s=1

we conclude by (12) and (17) that

* - m (i)
(19) () =Fa,x) 210 [lf’(x)]"+kfllm[EA(il,...’im) 1% (x)“,
* m=1

s=1 ti’~l

where we put for brevity

x=1- 1) .
t
Our functions f(x) and ¢(¢) satisfy all the conditions of the Lemma: f(x) by
(14) and (16), and ¢(t) by (4) and (11). Since f(1) = 1, from (6), (7) and (13) follows
that
limF[t,l - "5—(:1] =g WM = gws
t— o
On the other hand, if 1 <m <k — 1, then every system of positive integers
(iy, -+, 1,) that satisfies equation (18) contains at least one integer i = 2. Therefore,

because of (8),
m f(is)[l_@:l
lim [ —————= =0

2w s=1 tis =1
for all the systems (i,,---,,) that paticipate in (19). Thus the second term in the
braces of the expression (19), being a finite combination of terms that tend to zero,
also tends to zero. This proves formulas (2), since

lim ¢%(t) = s*

t— Q0

and

k
lim [/lf’(l - Q(L))] = [Af' (D] = u*.
>0 t

REMARK. Formulas (2) can be applied to a slightly more general situation.
Let a finite or countable number of stationary streams without after-effects x (¢)
with intensity u; (i =1,2,---) enter a service system consisting of n = oo lines.
Assume that the distribution of the duration of the call service is the same for all
calls in the same stream but this distribution depends on the index i and it may vary
from one stream to another.

Denote by s; the mean duration of the service of a call which belongs to the
stream x,(#), and assume that s; < oo for every i, and

o®© X
W < © , s < oo,
i=1 i=1
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Since the total stream x(t) = X2, x,(f) is also finite, stationary and without
after-effects, then formulas(2) hold also forit. It is clear that pand sare determined by

o« 1 o0
n = E ui k) § = — ﬂ;si.
i=1 Hog=1

REFERENCES

1. A. Ya. Khintchine, Mathematical methods in the theory of queueing (translated from the
Russian), Charles Griffin, London, 1960.

2. A. K. Erlang, Solution of some problems in the theory of probabilities of significance in
automatic telephone exchanges, Post Office Electrical Engineer’s Journal 10 (1917-18), 189-197,

3. A. Ya. Khintchine, Erlang’s formulas in the theory of mass service, Theory of Probability
and its Applications (an English translation of the Soviet Journal) 7 (1963), No. 3, 320-325.

4. B. A. Sevast'yanov, An ergodic theorem for Markov processes and its applications to
telephone systems with refusals, Theory of Probability and its Applications (an English trans-
lation of the Soviet Journal) 2 (1957), No. 1, 104-112.

5. R. Fortet, Calcul des probabilités, Centre National de la Recherche Scientifique, Paris,
1950.

6. D.Mejzler, On a characteristic property of stationary streams without after-effect J. Appl.
Prob. 2, (1965),2 455-461.

Tue HEBREW UNIVERSITY OF JERUSALEM



